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ABSTRACT 



o 
o 
o 

(N 

pi 1' We present a gauge independent method to construct the effective action of QCD, and calcu- 

D i late the one loop effective action of SU (2) QCD in an arbitrary constant background field. Our 

' result establishes the existence of a dynamical symmetry breaking by demonstrating that the 

, effective potential develops a unique and stable vacuum made of the monopole condensation in 

one loop approximation. This provides a strong evidence for the magnetic confinement of color 
through the dual Meissner effect in the non-Abelian gauge theory. The result is obtained by 
' separating the topological degrees which describe the non-Abelian monopoles from the dynam- 

ical degrees of the gauge potential, and integrating out all the dynamical degrees of QCD. We 
present three independent arguments to support our result. 



o 

O ■ I- INTRODUCTION 

o ■ 

' One of the most outstanding problems in theoretical physics is the confinement problem in 

QCD. It has long been argued that the monopole condensation could explain the confinement of 
color through the dual Meissner effect . Indeed, if one assumes the monopole condensation, 
Oh, one could easily argue that the ensuing dual Meissner effect guarantees the confinement 

In this direction there has been a remarkable progress in the lattice simulation during the last 
decade. In fact the recent numerical simulations have provided an unmistakable evidence which 
supports the idea of the magnetic confinement through the monopole condensation |^j6| . Unfor- 
tunately so far there has been no satisfactory field theoretic proof of the monopole condensation 
in QCD. The purpose of this paper is to present a gauge independent method to construct the 
' effective action of QCD, and to establish the magnetic confinement in the non-Abelian gauge 

theory from the first principles of the quantum field theory 0. Utilizing a gauge independent 
parameterization of the gluon potential which emphasizes its topological character we establish 
the existence of the non-trivial vacuum made of the monopole condensation in SU(2) QCD in 
one loop approximation, after integrating out all the dynamical degrees of the non-Abelian po- 
tential. Our analysis shows that it is precisely the magnetic moment interaction of the gluons 
which was responsible for the asymptotic freedom that generates the monopole condensation in 
QCD. This strongly indicates that the magnetic confinement is indeed the correct confinement 
mechanism of color in QCD. 

To prove the magnetic confinement it is instructive for us to remember how the magnetic flux 
is confined in the superconductor through the Meissner effect. In the macroscopic Ginzburg- 
Landau description of superconductivity the Meissner effect is triggered by the effective mass 
of the electromagnetic potential, which determines the penetration (confinement) scale of the 
magnetic flux. In the microscopic BCS description, this effective mass is generated by the 
electron-pair (the Cooper pair) condensation. This suggests that, for the conflnement of the 
color electric flux, one needs the condensation of the monopoles. Equivalently, in the dual 
Ginzburg-Landau description, one needs the dynamical generation of the effective mass for the 
monopole potential. To demonstrate this one must first identify the monopole potential, and 
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separate it from the generic QCD connection, in a gauge independent manner. This can be 
done with an "Abehan" projection |^,^, which provides us a natural reparameterization of the 
non-Abelian connection in terms of the restricted connection (i.e., the dual potential) of the 
maximal Abelian subgroup H of the gauge group G and the valence gluon (i.e., the gauge 
covariant vector field) of the remaining G/H degrees. With this separation one can show that 
the monopole condensation takes place in one loop correction, after one integrates out all the 
dynamical degrees of the non-Abelian gauge potential. 

The monopole condensation by itself does not guarantee that it describes the true vacuum 
of QCD. To prove that the monopole condensate does indeed describe the true vacuum, one 
must calculate the effective potential with an arbitrary background field configuration and show 
that the monopole condensate becomes the absolute minimum of the effective potential. In the 
following we prove that this is indeed the case, at least in one loop approximation. We show 
that with an arbitrary background the color electric field creates an instability to the effective 
action by generating an imaginary part. This proves that the monopole condensation provides 
the only stable vacuum of QCD which is unique. As importantly our analysis shows that the 
gluon loop contributes positively, but the quark loop contributes negatively, to the imaginary part 
of the effective action. This means that the gluons generate an anti-screening effect by making 
pair annihilations, while the quarks generate a screening effect by making pair creations. This 
is a very important observation, because this indicates that the gluons are not able to form 
a hadronic bound state. A big mystery in hadron spectroscopy has been the absence of the 
glueball states made of the valence gluons. Our analysis provides a natural explanation why 
this is so. 



II. ABELIAN PROJECTION AND EXTENDED QCD 

Consider SU (2) QCD for simplicity. A natural way to identify the monopole potential is to 
introduce an isotriplct unit vector field n which selects the "Abelian" direction (i.e., the color 
charge direction) at each space-time point, and to decompose the connection into the restricted 
potential which leaves n invariant and the valence gluon which forms a covariant vector 
field |§, 

A^ = A^h ^ X f^A"" + = A^ + Xfj,, 

{n^ = 1, n • A^ = 0), (1) 

where = n • A^ is the "electric" potential. Notice that the restricted potential is precisely 
the connection which leaves h invariant under the parallel transport, 

Di^n = dfj,n + gA^, x h = 0. (2) 

Under the infinitesimal gauge transformation 

6n = —a X n , 6A^ = — D^a, (3) 

one has 

SAf^ = -fi ■ dud, 6Au = -Df_id, 
9 9 

SX^ = -dxX^. (4) 

This shows three things. First the restricted potential by itself forms an SU{2) connection 
which satisfies the full SU{2) gauge degrees of freedom. Moreover, retains the full topo- 
logical characteristics of the original non-Abelian potential. Clearly the isolated singularities 
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of n define 7r2(5'^) which describes the non-Abehan monopoles. Indeed with — and 
n — f describes precisely the Wu-Yang monopole |^,^. Besides, with the compactification 
of R^, h characterizes the Hopf invariant 713(6'^) ~ 7r3(S''^) which describes the topologically 
distinct vacua Secondly the valence gluon forms a gauge covariant colored source of 

the restricted potential which does not inherit any non-linear characters of the non-Abelian 
connection. Finally this decomposition of the non-Abelian connection is made without com- 
promising the gauge invariance. Obviously the decomposition holds in any gauge, and is gauge 
independent. 

The above discussion tells that has a dual structure. Indeed the field strength made of 
the restricted potential is decomposed as 

where C*^ is the "magnetic" potential . This allows us to identify the non-Abelian monopole 
potential by 

= -in X (6) 

in terms of which the magnetic field is expressed as 

Hf^u = d^C^ - di,C^ + .gdp x C,. ^ ^ Hf^^n. (7) 

Notice that the magnetic field has a remarkable structure 

1 
2 

which will be very useful for us in the following. 
With (1) one has 



HfiaHapHpi, — —-Hl^pH^y, (8) 



-Fm- = -P^M- + Df^X, - b,X^ + gX^ X X„ (9) 
so that the Yang-Mills Lagrangian is expressed as 



= - -:F' = ^-F^, - -AD^X, - D^X^Y - '-{X^ x X^Y 



^F^. ■ [X^ X X,). (10) 



This shows that the Yang-Mills theory can be viewed as the restricted gauge theory made of 
the dual potential A^, which has the valence gluon X^ as its source [||j3|. But notice that 
here the valence gluon has the magnetic moment interaction with the restricted potential. This 
interaction plays the crucial role in the monopole condensation as we will see in the following. 

Obviously the theory is invariant under the gauge transformation (3) of the active type. But 
notice that it is also invariant under the following gauge transformation of the passive type, 

5n = 0, 5A^ = ^D^^a, (11) 

under which one has 

5A^ — -h ■ D^d, SC^ — 0, 

SX^,^^[Df,a~ {n- Df,d)n]. (12) 

This gauge invariance of the passive type plays an important role in the background field method 
discussed in the following. 
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III. DYNAMICAL SYMMETRY BREAKING AND MONOPOLE CONDENSATION 



With this preparation we will now show that the effective action of QCD, which one obtains 
after integrating out all the dynamical degrees of the gluons from the monopole background, 
can be written in one loop approximation as 

r — 

where H = fi is the modified minimal subtraction parameter, and c is a constant. This 

generates the desired dynamical symmetry breaking and establishes the magnetic condensation 
of the vacuum. 

To derive the effective action consider the generating functional of (10) 

2 

- \Ku ■ (X^ X X,) - ^(^M X ^-)' + J^P-'h + • Jy\d^x\. (14) 

We have to perform the functional integral with a proper choice of a gauge, leaving (7^ as a 
background. To do this we first fix the gauge with the condition 

F = D^(A^n + X^) = 0, 
■C,/ = - ^ {{dpA^f + iP^X,f\ . (15) 

Notice that the gauge transformation of the passive type (11) plays the important role in this 
background field method. With the above gauge fixing the generating functional takes the 
following form, 



- \{b^x^ - b^x^f - |f^, • {x^ X x^) -^{x^x x^f 
+ c*b,D,c- Y^{dM'' - ^{DM' 

+ Af,Jf,+Xf,- Jf,]d*x}, (16) 

where c and c * are the ghost fields. In one loop approximation the integration becomes 
trivial, and the X^ and ghost integrations result in the following functional determinants (with 

Bet---Kf, ~ Bet---[-g^4bbrb - 2gH^^e-b^n% 

BetMfp ~ Det [-(£>£>)"''], (17) 

where I?^ is defined with only the background (7^^. One can simplify the determinant K using 
the relation (8), 

InDet'^K = lnDet[-(£»r>)''''] 

- ^ In Det [-(£)£>)"'' + i\/25ile"^^n^] 

- ^ In Det [-(£>£>)"'' - iV2gHe''^''n'']. (18) 
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With this the one loop contribution of the functional determinants to the effective action can 
be written as 



AS" = ilnDet[(-i)2 ^ ^gH){~D^ - V^gH)], (19) 
where now I?^ acquires the following Abelian form, 

Notice that the reason for this simplification is precisely because our restricted potential 
originates from the Abelian projection. 

With this one can use the heat kernel method and calculate the functional determinant. For 
a covariantly constant i?^^ one finds [ p^ , p^ 

1 r dt gH/V2fi^ 



167r2 ^ t2-£ s[^^gHt/V2^^) 
X [exp {-V2gHt/n^) + exp{V2gHt/^^)], (20) 

where e is the ultra-violet cut-off parameter. The integral contains the (usual) ultra-violet 
divergence, but notice that here it is also plagued by a severe infra-red divergence. This, of 
course, is precisely what one should have expected, because such an infra-red divergence is an 
unavoidable characteristics of QCD. So the important issue now becomes how to regularize the 
infra-red divergence. 

To find the correct infra-red regularization, one must understand the origin of the divergence. 
The infra-red divergence can be traced back to the magnetic moment interaction of the gluons 
that we have in (10), which is also well-known to be responsible for the asymptotic freedom 
p^ . This magnetic interaction generates negative eigenvalues in Det K in the long distance 
region, which cause the infra-red divergence. More precisely when the momentum k of the gluon 
parallel to the background magnetic field becomes smaller than the background field strength 
(i.e., when < gH/\/2), the lowest Landau level gluon eigenfunction whose spin is parallel 
to the magnetic field acquires an imaginary energy and thus becomes tachyonic. It is these 
unphysical tachyonic states which cause the infra-red divergence. So one must exclude these 
tachyonic modes in the calculation of the effective action, when one makes a proper infra-red 
regularization. Including the tachyons in the physical spectrum will surely destablize QCD and 
make it ill-defined. 

With this understanding we can do both the ultra-violet and infra-red regularizations simul- 
taneously with due care. Excluding the contribution of the unphysical modes we have H 



967r2 96tt^ ^ ^? 



1 24 3 

Cl = 1 - - ln2 - YY^'(-1' 2^ = 1-29214..., (21) 

where 7 is the Euler's constant and (^'{x,y) is the generalized Hurwitz zeta- function. From this 
we finally obtain (with the modified minimal subtraction) 

This completes the derivation of the effective action (13). 

Clearly the effective action provides the following non-trivial effective potential 
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which generates the desired monopole condensation of the vacuum, 



<i7>^^cxp(-— ,--+c,). (24) 



9 ' V llg 

Notice that with as = 1 we have 

<H > 



, = 0.11225.... (25) 
M 

The vacuum generates an "effective mass" for C^, 

which demonstrates that the monopole condensation indeed generates the mass gap necessary 
for the dual Meissner effect. Obviously the mass scale sets the confinement scale. 

To check the consistency of our result with the perturbative QCD we now discuss the running 
coupling and the rcnormalization. For this we define the running coupling g by 
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(27) 

H=H 2g2 ^ 



dm 

So with gH — exp(ci — 3/2) we obtain the following /3-function, 

1 1 11 , A ^/ N 11 

g^ 12n^ /i 247r^ 

which exactly coincides with the well-known asymptotic freedom result p^ . This confirms 
that the asymptotic freedom and the monopole condensation have exactly the same underlying 
dynamics. 

In terms of the running coupling the renormalized potential is given by 



Ken ^^H^ 



and the Callan-Symanzik equation 



22 f gH 
3 (47r)^ /^^ 



(M|.+/3|,-7(C^)C^-^)Ken = (30) 
gives the following anomalous dimension for C^, 

- -^.f- (31) 

This should be compared with that of the gluon field in perturbative QCD, ^{A^) = hg^ /2A-k'^ 
for SU{2). 

There have been many attempts to construct the effective action of QCD in the literature, 
and in the appearance our vacuum (24) looks very much like the old Savvidy-Nielsen-Olesen 
vacuum |lj,|l^ . But it must be emphasized that there are fundamental differences between the 
earlier attempts and the present approach. The earlier attempts had two problems. First the 
separation between the classical background and the quantum field was not gauge independent, 
which made the one loop vacuum neither gauge invariant nor Lorentz invariant. This violation 
of the gauge invariance was of course a serious defect, but perhaps the more serious problem 
was that the infra-red divergence was not properly regularized in many of the earlier attempts. 
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Indeed it has been asserted that the Savvidy-Nielsen-Olesen vacuum should be unstable, because 
the effective action which defines the vacuum develops an imaginary part p2|jl^] , 



Im Lg 



= -^iJ^ (32) 
SNO Ion 



which destabilizes the vacuum through the pair creation of gluons. This assertion of the instabil- 
ity of the Savvidy-Nielsen-Olesen vacuum, which comes from improper infra-red regularizations, 
has been widely accepted and never been convincingly revoked. Obviously, without a proper 
infra-red regularization one can not expect to obtain the correct effective action of QCD. Because 
of these defects the earlier attempts have not been so successful. 

In contrast in our approach the separation of the monopole background from the quantum 
fluctuation is clearly gauge independent. Moreover our infra-red regularization generates no 
imaginary part in the effective action. Because of these we obtain a stable vacuum made of 
monopole condensation which is both gauge and Lorentz invariant. Notice that the infra-red 
regularization in (20) is not just to remove the infra-red divergence (there are infinitely many 
ways to do this). The infra-red divergence that we face here in QCD is also different from those 
one encounters in the massless QED. The infra-red divergence in the massless QED comes from 
the zero modes. But these zero modes are physical modes, which should not be excluded in 
the calculation of the effective action. On the other hand the infra-red divergence that we have 
here comes from the unphysical modes, and one must exclude these unphysical modes from the 
physical spectrum with a proper infra-red regularization (Notice that in the earlier attempts 
these tachyonic modes are incorrectly identified as the "unstable" modes, but we emphasize 
that they are not just unstable but unphysical). And it is precisely these unphysical modes 
that generate the controversial imaginary part in the Savvidy-Nielsen-Olesen action. So with 
the exclusion of the unphysical modes the instability of the vacuum disappears completely. 

As importantly in our approach we can really claim that the magnetic condensation is a gauge 
independent phenomenon. Furthermore here we have demonstrated that it is precisely the Wu- 
Yang monopole that is responsible for the condensation. Notice that in the earlier attempts it 
has never been clear what was the source of the condensation, nor has it been simple to show 
that the condensation is indeed a gauge independent phenomenon. 

Clearly the quark loop makes an additional contribution to the effective action. As we will 
see in the following we have for the massless quarks. 



1 6 °° 1 

C2 =7+-ln2 + ln(27r) + ^ V^lnn = 3.33163..., (33) 



TT^ ^ — ' n 

n—1 



where Nf is the number of the flavors of the quarks. With this we obtain the following total 
effective action of SU{2) QCD for the pure magnetic background. 



11 Nf 

The corresponding effective potential is plotted in Fig.l, where we have assumed a., = 1, = 1, 
and Nf = 2. The effective potential clearly shows that there is indeed a dynamical symmetry 
breaking in QCD. 



7 




IV. ELECTRIC BACKGROUND 



To make sure that our infra-red regularization is indeed the correct one it is necessary to have 
an independent confirmation of the above result. To do this it is instructive to calculate the 
effective action with a pure electric background first. 

So let us consider the general case where the background field strengh Ffj^^ contains both 
electric and magnetic components. In this case we have 

and the functional determinants of the gluon and the ghost loops are generalized to 

DetM^P = Det[-{bbY% (35) 
where now is defined with an arbitrary background field A^. Using the relation 

GjxaGaijGjji, = —-^G^Gpiv — -^{GG)G pv {Gp^, = —e^vpaGpa), (36) 
one can simplify the functional determinants of the gluon and the quark loops as follows, 

lnDet-5[(-5^,(^I))««' - 25G^,e«^^n^] = 
lnDet[(-£'2 + 2a){-D^ - 2a)(-£>2 _ 2ib){-D^ + 2ib)], 

InDetMpp = 21nDet(-^2), (37) 

where 



a=|yV^4 + (GG)2 + G2, 6=|y VG4 + (GG)2-G2, (38) 

and now is defined with an arbitrary background Ai^ + Cp,, 

bf, = d + igiAp + Ci,). 
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So for a pure electric background (i.e., for a — 0) we have 



AjC = 



f°° dt b 

16. Jo ^^[-PW + -p(-2^6^)]. (39) 



Notice that (unlike the pure magnetic background) the integrand of the above integral has poles 
on the real axis, so that we must specify the contour of the integral. Here the causality requires 
the contour to pass above the real axis. 

There are different ways to evaluate the integral, but a simple and nice way of doing this 
follows from the observation that in the imaginary time (i.e., in the Minkowski time) the role 
of the electric and magnetic fields are reversed. So with the Wick rotation of the proper time 
t to the imaginary time it, the above integral acquires the same form as (20). Indeed with the 
Wick rotation (39) becomes 

1 r°° dt b 

AC -—ri^ / _^[exp(-2&0 + exp(2&0]. (40) 



167r2 Jq i2-« sinh(6i) 

Prom this we obtain 



1162 1 1152 5 11^2 



24 3 

c, = 1 - ln2 - YXC'(-1> 2^ = 0-94556.... (41) 
So with the modified minimal subtraction we have (with the pure electric background) 

9 11^2 , b , .1162 

It must be emphasized that in evaluating the above integral the same infra-red regularization 
is applied as in the pure magnetic background. With the pure electric background the eigen- 
functions of Det K in the long distance region (i.e., for < b) become anti-causal and thus 
unphysical, just like the eigenfunctions under the pure magnetic background become tachyonic 
and unphysical in the infra-red region (i.e., for fc2 < gH/\/2). So we must again exclude these 
unphysical modes to evaluate the above integral. 

The contrast between the effective actions (22) and (42) is remarkable. First, (42) has no 
local minimum. This implies that the electric background does not generate a condensation. 
Secondly, (42) has an imaginary part 

1152 

ImC, = - — . (43) 

This implies that the electric background is unstable. But perhaps a more important point 
here is that the imaginary part is negative. This rn,eans that the electric background generates 
the pair annihilation, rather than the pair creation, of the gluons. This is because the negative 
imaginary part can be interpreted as the negative probability of the pair creation. This implies 
that the gluons in QCD, unlike the electrons in QED, tend to annihilate among themselves in 
the color electric field. This is really remarkable because this is precisely what one needs to 
explain the asymptotic freedom. Remember that the asymptotic freedom comes from the anti- 
screening effect, but for this anti-screening one needs the pair annihilation of gluons in the color 
electric flux. This means that our result is not only consistent with the asymptotic freedom, 
but actually explains why one must have the asymptotic freedom in QCD. 

With this we can now make an independent confirmation of our effective actions (22) and 
(42). To do this first notice that the imaginary part (32) of the Savvidy-Nielsen-Olesen action 
as well as ours (22) and (42) are quadratic in the background fields. In our notation (38) this 
means that the imaginary part of the one loop effective action is second order in the coupling 
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constant g. So one can find the correct imaginary part of tfie effective action perturbatively, 
just by calculating the effective action up to the second order in the coupling constant in the 
perturbative expansion. Now, a remarkable point is that by doing this one can reproduce our 
results ITsI, 





Im/\Cg^{ iifo2 



967r 



6 = 
a = 



(44) 



This confirms that our infra-red regularization is indeed correct. More importantly this confirms 
that we do have the desired dynamical symmetry breaking and the magnetic condensation in 
QCD. In the following we will provide a third independent argument which supports our results. 

An important point to observe here is that the effective actions (22) and (42) are actually 
the mirror image of each other. To see this notice that we can obtain (42) from (22) simply by 
replacing a = gH/^/2 with — ?6, and similarly (22) from (42) by replacing 6 with ia = igH/^/2. 
This is the first indication that there exists a fundamental symmetry which we call the duality, 
in the effective action of QCD. We will discuss this duality in detail in the following. 

The quark loop makes an extra contribution to the effective action. As we will see in the 
following we find for the massless quarks. 



62 6 62 

A£„ = -^A^/(ln-^-c,)+z — , 



487r2 



Cq = 7 + ln(27r) + ^ Inn. 



(45) 



2^62(ln — - Ct), 



487r2 



So, together with (42), we obtain the following effective action 

Ct 

which is shown in Fig. 2. 
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FIG. 2. The effective action of SU(2) QCD in the pure electrical background. Here (a) is the real 
(dispersive) part of the effective action, (b) is the imaginary (absorptive) part of the effective action, 
and (c) is the classical action. 
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V. VACUUM STABILITY 



So far we have established the monopole condensation as a dynamical symmetry breaking. 
But this by itself does not allow us to claim that the monopole condensation provides the true 
physical vacuum. To show that the monopole condensation is indeed the unique vacuum of QCD, 
one must calculate the effective action with an arbitrary background of the restricted potential 
and show that indeed the monopole condensation provides the true stable minimum of the 
effective potential. 

For a general background with arbitrary a and b, the contribution of the gluon and ghost 
loops corresponding to the functional determinant (37) is given by 



AC, 



1 r°° dt abe 



IGtt^ 7o '^^ ^ sinh(at) sin(6t) 
[exp(-2at) + exp(2at) + exp(2i6i) + exp(-2iM) - 2] 

= ACi + AC2 + AC3, (47) 



where 



1 dt abt^ r / ^ / M 

- 16^ X ^ sinh(at)sin(6^) [^"P(''"^) + ^"P^'^^^]' 
I f°° dt abt^ , ,^ , , , „ , M 

-m^l ^ sinh(at)sin(60 [^"P^^'^^^ + ^^P^-'^'^^^' 

^~~8^ Jo t^ sinh(a<) sin(6t) ' ^^^^ 

Notice that A£i + A£2 describes the contribution of Det K of the gluon loop, but A£3 describes 
the contribution of Det M of the ghost loop. Here again one should keep in mind that the contour 
of the integral should pass above the i-axis to preserve the causality. 

The integral expression (47) of the effective action has been known for some time , but the 
actual integration of it is not easy to perform. Indeed, as far as we understand, the integration 
has not been completed satisfactorily. In the following we will perform the integral, and present 
a compact expression of the effective action. To carry out the integral we need to re-express the 
integrand in such a way that we can do the integral analytically. For this purpose we introduce 
the following identity |0 , 

xy _ a;2-y2 2 3 ^ (-1)" csch( — ) 



sinh(a;) sin(2/) 6 tt " n + jv^tt^ 

00 , -,^„csch( ) 

+ VE ^^^ 2 (49) 

n=l " 

The identity, which we can establish using one of the Ramanujian's identities has played 
an important role in the calculation of the effective action of the scalar QED. Here again in 
QCD the same identity plays the crucial role in evaluating the effective action. 

Now we can calculate A£i, AC2, and A£3 separately with the help of our identity. Indeed 
using the identity (49) we obtain the following expression for ACi, 

ACi = /i(0, 2a) + /i(0, -2a) + h{Q, 2a) + h{Q, -2a) + h[Q, 2a) + 13(0, -2a), (50) 

where 
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1 



.e-3 



16^2 Jo ' V' 6 ^ 



167r2 

, oo 



6 



i-ir 



,m:b 



csch( ) / t' 



n=l 
oc 



-At 



t2 + ( — )2 

a 



-dt 



ah ^ (-l)-^ 



' , .mrb.. ,,nnX nnX rmX. . .mrX., 

c 3 ci cos( +S1 jsm , 

OTT'^ ^ — ' n a a a a a 

n—l 

ab (—1)" , .nTTfl, , 

n— 1 



-At 



c-fl 







dt 



ab . ,nTTa,,„,, mrX, ,mrX^ ^,,m:X, , mrX., 



167r3 



l^csch( — )[Ei(— -)exp( — )-fEi(— )exp(- — )]. (51) 



Notice that here ci(x) and si fa) are the cosine and sine integral functions, and Ei(— x) is the 
exponential integral function |19f| , 



ci(a;) 



si(a;) 



Ei(-a:) 



cos(i) 



dt 



7 + In x + 



(-l)"a;2 



(2n)!2n ' 

sin(<) 



-dt 



■'^ {2n- l)!(2n- 1)' 



-dt 



7 + In x + 



(-l)"x" 
^ (n)!n 



(Re x>0) 



(Re a; > 0) 



(Re x>0) 



(52) 



With these we find 



_ lla^ + b^ l 3a^ Ua^ + b^ 

^ ~ 48^2 (7 ~ + ^ 

a6 (—1)" , .mrb. 

^— ^csch( — )ci(2n7r) 



In — ) 



47^3 z — f ji 

n=l 

ab (—1)" , .nna. 

n— 1 



, 2n7ra, ,2ri7ra, 
Ei( ^)exp(— ^) 



-.,2mra. , 2mra^ 
Ei(— ^)exp( ^) +z 



967r 



. ab ^ (-1)" 

n— 1 



nnb WKa 2717: a ^ 

csch( ) -I- csch(— — ) exp( — ^ 

abb 



(53) 



where Ei(a;) is Re Ei(x). To obtain the above result notice that, for A = —2a, a naive integration 
of (51) gives an infra-red divergence. So one must perform the integral with a positive A first, 
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and then make an analytic continuation to A = —2a. In this analytic continuation one must 
keep in mind two points. First, the analytic continuation should preserve the causality. This 
means that we must select the correct (i.e., physical) branch in the analytic continuation of 
ci(a;), si(a;), and Ei(— x) to the negative real axis. Secondly, the continuation must be done 
in such a way that the unphysical modes should have no contribution. This requires that the 
imaginary component of A£i should reproduce the previous result (21) in the pure magnetic 
background. With these precautions we obtain the above result. 

Now it is simple to evaluate A£2, because it can be put into the same form as A£i with a 
Wick rotation of t to it. Indeed we have (after the Wick rotation) 

AA^-^i'/^ gr7 ,,„i,(:),.„(„,) NP(-2'")+cxp(2M)]. (54, 

But an important point to notice here is that with the Wick rotation the contour of the above 
integral should now pass below the t-axis. With this observation we obtain 

1162 + a2 1 352 ^^^2_^^2 2b, 

ab (—1)" , .mra. , 
> ^csch(— — )ci(2n7r) 



47^3 

n=l 



— > csch( ) Ei( )exp( ) 

OTT'^ z — / n a n n 

n— 1 



2m:b^ , 2m:b , 



•Ei( )exp( 



a 

ab_ ^ (-1)'^ 
'87r2 



,115' 



2 



— i- 



967r 



au v-^ — -L) , .mra., , .nnb. , 2n7rb.~\ , 
+ 2— T> ^ ^ csch^) - csch( )exp ). (55) 

S7r2 jL^ r, ^ b a a \ ' 



71=1 

Again we emphasize that the above Wick rotation prescription automatically and naturally 
guarantees that we have the same infra-red regularization in the evaluation of ACi and AC2- 
Indeed we can easily confirm that A£2 reproduces the previous result (41) in the pure electric 
background (i.e., in the limit a goes to zero), as it should. 

Finally it is straightforward to calculate AC3, because it has no infra-red divergence. We find 



1 [°° dt abt^ 



87r2 Jq t3-e sinh(ai) sin(5i) 
-2(/i(0,0) + /2(0,0) + /3(0,0)). (56) 



From this we have 

a'^-b'^^l , ab ^ (-1)" f .^,m:b^( ^^^mriJ? 

ab ^ (-1)" 



— 6" , 1 , ab v-^ ( — 1) f , .mrb. / , .rma , \ 

n— 1 

-csch( — )(ln(^)+7)J +^^EH^-^M — ). (57) 



To obtain the above result we have used the following identity p7[ |, 

12 ,V-^(-l)"r w'^'^^\ 1 /'^^xl ;2 2 /ro^ 

— ab > -^^ — csch( ) - csch(— — ) = 6^ - a"'. (58) 

TT ^-^ n I a b i 

n— 1 

In evaluating the integrals it should be stressed again that one must be very careful to implement 
a proper infra-red regularization. In particular, one has to make sure that the above result 
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reproduces the results of the previous sections for the pure magnetic and the pure electric 
backgrounds. 

With the above results we finally obtain (after the modified minimal subtraction) 

A£g = /\Ci + A/;2 + A>C3 

3a2-362 lla2 + &2 2a, 1162 + ,2h, 

= 48^^"^;?^ + ^8^^"(;?) 

ab (—1)" / , ,n7r&, , ,mTa,\ , . , , 



■^Y - — - csch exp Ei 



n=l 



, 2n7r6 , ^. , 2n7r6 , \ , ,n7ra,/ ,2mra ,^., 2n7ra, 

+ exp El - csch — exp —— El — 

a a / b \ b b 

, 2mTa.-.,2mTa. 
+ exp( ^)Ei(^) 



ab (— 1)" / w"7r&,, ,mru . ,,n7ra,, ,mru^ . 

> csch In ) - csch — ) In — — 

47^j n \ a a b b 

n—l 

.a^ + Ub^ ,ah^{-lY(_^,n'Kb^ ^ 2n7r6^ 



967r 



. ab ( — i)"/ , ,mrb. , In-Kb. 
^— r > csch( )exp( ) 



n=l 



, .mra. , 2n7ra,\ . ab (—1)" , .mra. 
+ csch( — )exp(— ^)) +*^5^1-^csch(— ). (59) 

11—1 

Notice again that here we have used our identity (58) to obtain the above result. The result is 
summarized in Fig. 3 and Fig. 4, where we have plotted the gluon contribution of the dispersive 
and absorbtive parts of the effective action. 

An important point here is that the effective action acquires the following imaginary compo- 
nent, 

, a^ + llb^ a6^(-l)"/ , ,mrb, , 2mrb, 
ImACg = ^- —5- V — ^(csch( )exp( ) 

ri=l 

, ,mTa, , 2mTa.\ ab ^ (—1)" , ,mra. 
+ csch(— )exp(— ^)) +^^^csch( — ). (60) 

Tl=l 

We can confirm that this expression reproduces the previous results. Indeed we find 

6 = 

ImACi = { 52 



967r 



a = 



6 = 

/mA£2 = { 1162 

a = 



967r 



6 = 

ImACs = { p (61) 

-TZTT- a = , 

967r 
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FIG. 3. The real (dispersive) part of the gluon contribution to the efTective action of SU(2) QCD. 
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What is really remarkable about the above result is the unilateral emergence of the imaginary 
part with b ^ 0. This immediately tells that the color electric background generates an instability 
to the effective action. Only when the background becomes pure magnetic the imaginary part 
disappears completely. This automatically proves that the monopole condensation is indeed the 
unique and stable vacuum of QCD, at least in one loop approximation. 

Observe that the imaginary part of the effective action becomes negative in general. This 
assures again that the electric background makes the pair annihilation for the gluons, but not 
the pair creation. In contrast, as we will see in the following, the electric background makes the 
pair creation for the quarks. This is a very important observation, because this tells that the 
gluon pairs behave differently from the quark pairs in the color electric field. In particular the 
valence gluons are not likely to form the glueball bound states. This explains the experimental 
fact that there are so few (if at all) candidates of glueball bound states, while we have towers 
of hadronic bound states made of quarks. 



VI. QUARK CONTRIBUTION 



Obviously one can not neglect the quarks in QCD. Let us consider the Lagrangian involving 
the SU (2) quarks in the fundamental representation 



Cq^^{i-f^D^-m,)^ 
9_ 
2i 



D^=d^ + 4,a-A^, (63) 



where is the mass of the quarks. One can express the quark contribution to the effective 
action in one loop approximation by 

ACq = --^Nf -^coth(at)cot(M)exp(-m2i), (64) 

Notice that formally this is very much like the well-known expression of the one loop contribution 
of electron to the effective action in QED |p^ , |l7| . This is because at one loop level only the 
interaction of the quarks with the restricted potential contributes to the effective action. 

We can evaluate the above integral exactly the same way as we calculate the electron loop 
contribution in QED [0. Using the following Sitaramachandrarao's identity ]l7| , [T8t , 



w ^ . ^ 2;2-y2 lCSch( — ) 

xycot\Y{x) cot(t/) = 1 + x^y > 2,22 

n— 1 



UTTX . 

„ 00 csch( ) 

VE- 2 I 2 ^ (65) 

n=l " 



we obtain (with the modified minimal subtraction). 



E — ) — — + ^< — — -n 

aw^ ^ — ' n a \ a a a a / 

n— 1 

^/E-cotM^) Ei( ^)exp(— -^) 



167r'^ ^-^ n b 

n—l 

2mrm^ 2n-Km?„ 



Ei(— ^)exp( ^)). (66) 
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Notice that the above effective action of the quark loop also develops an imaginary part when 
MO, 



^"^^A = Y6^^/E-cotM — )exp( (67) 

n—l 

This is because the exponential integral Ei(— x) in (66) develops an imaginary part after the 
analytic continuation from x to —a;. One can compare this with the imaginary part of the gluon 
loop (60) . Remarkably the signature of the imaginary part of the quark loop is opposite to that 
of the gluon loop. This is due to the opposite statistics between the gluons and the quarks, 
which gives an overall minus sign for the quark loop in (64) . This tells that the quarks should 
contribute a positive imaginary part to the effective action when 6^0, This means that, just 
like in QED, the electric flux of the quarks generates the pair creation and the color screening 
effect, rather than the pair annihilation and the color anti-screening effect. This allows the 
quarks to form the hadronic bound states. 

Observe that in the pure magnetic and pure electric limits the above result reduces to 

rn^ a? 1 / ,2mrml^ ^2mTml 

In — ^ rN- ^ 



^ in ^ rJVf > 

487r2 u2 87r4 ^ ^ n 

n—l 



1 / InTrm't znTrmf, \ 
(ci( i)cos( 1)) b = 0, 

(68) 



'-J + Y6^.^fE^ « = 



487r2 ^2 



n=l 



The contribution of the quark loop to the effective action is plotted in Fig. 5 and Fig. 6 . In view 
of the experimental fact that Ajyjg ~ 250 Mev and rrig ~ 5 Mev, we have assumed rrig = 0.02 
to obtain the figures. 

Notice that in the massless limit we have iiTtl 




FIG. 5. The real (dispersive) part of the quark contribution to the effective action of SU(2) QCD. 
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FIG. 6. The imaginary (absorptive) part of the quark contribution to the effective action of SU(2) 
QCD. 



N 



f 



.0 487r2 



r o 6ab ^-^ 1 / , ,mrb. , .nTra.xi , /m„\ 

\a^-b^ > - coth( )-coth( ) In — 2- 

L TT n\ a o/JV/i/ 

n— 1 



rnrb. 



ah 



r^/ E - hh( — ) ( In(^) + 7) - coth( — ) ( In(^) + ,) 

n— 1 

, a6 1 , .mra^ 

+ ^TTT^^f ? -COth — -), 
167r2 ^ ^ n ^ b 



(69) 



so that, when afe 7^ 0, the effective action from the quark loop (unhke the gluon loop) becomes 
divergent in the massless limit. This is because here the infra-red divergence comes from the 
zero modes which are physical, so that the infra-red divergence can not be removed. 
One could separate the divergent part from the finite part in A£g. We find 



A£fi„, 



where 



A ^ Nf r „ (Sab 1 / , ,mrb. , ,mra.\~\ , /rn„\ 

- 48^^ P - ^ - - E - — ) - coth( — ))] m (^) 



487r2 
ah 



n=l 
Tb 



-^Nf J2 Hh(— ) + coth( — )) In - 

n— 1 
00 ^ 

1 , ,717: a . 



ab 
16^ 



A/Ifin = - 



ab 
16^ 



,r 1 / , ,m:b. , .nna. 



(70) 



(27 + ln(^ 
V a 



ln( 



2n7r^2 



(71) 
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This tells that one has to keep niq finite in the evaluation of the effective action of QCD when 
ab 7^ 0, to avoid the infra-red divergence of the quark loop. 

But notice that, when ab = 0, the logarithmic divergence in (69) disappears due to the 
following identity [pTf, 

6a6 X— ^ 1/ , .nub. , ,m:a.\ , ,n 

> -Icoth )-coth(— — =0^-6^^ 72) 

TT ^-^ n\ a b J 

n—l 

So in this case (i.e., when ab = 0) ACq becomes finite even in the massless limit. 



9 



mn—O 



n b ^ b^ 



(73) 



where 



c„ = 7 + ln(27r) + A i_ inn = 2.98504... (74) 

)l=l 

Notice that we can also obtain the above result from (68) by making the massless limit of the 
quarks. 



VII. EFFECTIVE ACTION AND DUALITY 

With the above analysis we can sum up the gluon and quark contributions and obtain the 
following final effective action of SU{2) QCD, 



Ceff ^ Ca + ACg + ACq 



2g2 + 8^;^ 487r2 V ^ 487r2 V ^ 487r2 ^ 

ab ^ (-1)" / nirb 



+ E ^ — ) - c«ch( — )) (ci(2n7r) - 7) 

n—l 

+ ^E^^ )(^'^P( )+exp( )Ei( ) 

n—l 

_csch( — )(^exp(-^)Ei( ^)+exp( ^)Ei(-^) 

~ TTZ^ In -csch — In — — 

477'^ ■^-^ n \ a a b b 

n—l 

,r 1 , ^rnib.f ,2mrml 2mnnl 2mrml . 2miml \ 

+ FT^/ E ) ^) + ^) ^) 

87r'^ z — / naVa a a a J 

n—l 

ab v-^ 1 ,,n7ra,/ ., 2n7rmQ 2n7rTOQ 2n7rmQ 2?: 

+ T^^/ E --tM — ) (ei(-^) exp(^) + E:(^) exp(— 

n—l 

> csch( )exp( ) 

^ — ' 71 V a a 



967r *87r2 

n—l 



ima. 2niTa \ ah (—1)"' .riT^a. 

csch( — )exp(— ^)j — -csch( — ) 

n=l 
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ab 1 nna 2ri7rTO^ 

+ 'IiS?»/E-«M— )«p(-^,. (75) 

n— 1 

From this we finally obtain Fig. 7 and Fig. 8, which describe the real and imaginary parts of the 
total effective action of SU (2) QCD. Remember that we have assumed as = 1, ^ = 1, to^ = 0.02, 
and Nf = 2 to obtain the figures. 




.08 

FIG. 7. The real (dispersive) part of the effective action of SU(2) QCD. 




.08 

FIG. 8. The imaginary (absorptive) part of the effective action of SU(2) QCD. 
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A truly remarkable feature of our effective action is that it is manifestly invariant under the 
dual transformation 

a --ib, b ia. (76) 

In fact ACg and ACq independently can be shown to be invariant under the dual transformation. 
This tells that, as a function of z — a + ib, the effective action of QCD is invariant under the 
reflection from z to — z. To establish the duality in the effective action it is important to 
realize that the argument of the special functions ci(a;), si(a;), and Ei(— x) changes the signature 
under the dual transformation. So the dual transformation automatically involves the analytic 
continuation of x to —x, and one must figure out how to make the correct analytic continuation 
under the dual transformation. Here again the causality becomes the guiding principle. Observe 
that the causality requires that under the dual transformation we have 

a — — > — i{b + e) 

b + e — > i{a-ie), (77) 



so that we must have 



a 

b 
b 



It — > le 

a 



^ -J+^e. (78) 

With this it is straightforward to establish that each of ACi + AC2, AC^, and ACq separately 
is invariant under the duality. 

From the physical point of view the existence of the duality is not so surprising. In fact one 
should have expected this, because the integral expression (47) of the effective action evidently 
has this duality. The really remarkable fact is that this duality is borne out from our calculation 
of the effective action. It must be emphasized that this is a non-trivial feat, because the effective 
actions from the earlier calculations (including the Savvidy-Nielsen-Olesen effective action) have 
no such duality. This means that the duality provides a powerful tool to check the consistency 
of the one loop effective action. In particular one can use the duality to check the imaginary 
part of the effective action, because the duality intrinsically involves the analytic continuation, 
and thus mixes the real and imaginary parts of the effective action in a non-trivial manner. We 
emphasize that the consistency with the duality of our effective action provides another (a third) 
independent argument which supports our results. 

Notice that this type of electric-magnetic duality has also been established recently in the 
effective action of QED ||l^. This tells that our duality is a generic feature of the gauge theories, 
both Abelian and non-Abelian. 

It should be emphasized that it is exactly the same interaction which provided the asymp- 
totic freedom that is responsible for the confinement. The underlying dynamics for both the 
asymptotic freedom and the magnetic confinement is the magnetic moment interaction. In this 
interaction the only difference between the quark and the gluon is the color charge, the gyro- 
magnetic ratio, and the statistics. It has been well known that the gluon contributes positively 
but the quark contributes negatively to the asymptotic freedom. In this paper we have argued 
that this was because the gluon generates the anti-screening effect but the quark generates 
the screening effect. Furthermore we have proved that exactly the same physics ensures the 
monopole condensation and the confinement. A simple consequence of this is that we need 
exactly the same maximum number of the quark flavor, Nf — 10 for SU{2) and Nf = 16 for 
S'[/(3), to guarantee both the asymptotic freedom and the confinement. 

Notice that with (23) the effective Lagrangian can be approximated as 

= - 2^id,f^f - ^id,h X a.r^)^ (79) 
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near the trivial vacuum. This of course is nothing but the Skyrme-Faddeev Lagrangian which 
aUows the topological knot solitons as the classical solutions EQl- This shows that there exists 
a deep connection between the generalized non-linear sigma model and QCD, which is very 
interesting. 

VIII. DISCUSSION 

In this paper we have demonstrated the existence of a genuine dynamical symmetry breaking 
in QCD triggered by the monopole condensation. Furthermore we have established that the 
monopole condensation describes the stable unique vacuum of QCD. We were able to do this 
by calculating the one loop effective action of SU{2) QCD. There have been earher attempts to 
calculate the effective action, but these attempts have not produced a satisfactory result. We 
have obtained a compact expression of the effective action with an arbitrary background field. 
In the special cases in which the compact expressions of the effective action were available (in 
particular in the pure magnetic background), our result differs from the earlier results. The 
main difference with the earlier attempts was the controversial imaginary part in the effective 
action in the pure magnetic background. This has made the Savvidy-Nielsen-Olesen vacuum 
unstable. This assertion on the instability of the vacuum has never been seriously challenged, 
nor convincingly revoked. Our analysis tells that this assertion is based on the improper infra- 
red regularization in the evaluation of the effective action, as Schanbacher first argued p^ . 
Indeed with a proper infra-red regularization we have shown that the QCD vacuum is not only 
stable, but is unique, made of the monopole condensation. We have provided three independent 
arguements to support our conclusion. 

It is truly remarkable (and surprising) that the principles of the quantum field theory allow 
us to demonstrate the confinement within the framework of QCD. This appears against the 
conventional wisdom. Recently increasing number of people have been questioning the ability 
of the quantum field theory to provide the confinement in QCD. Indeed the failure to estab- 
lish the confinement within the framework of QCD has encouraged the idea that perhaps a 
supersymmetric generalization of QCD may be necessary to ensure the confinement pl| ]. Our 
analysis shows that this is not necessary after all. The QCD by itself is able to generate the 
confinement. What made this possible for us is the realization that we must treat the tachyonic 
bound states in the magnetic background and the anti- causal propagating states in the electric 
background which exist in the long distance region as the unphysical modes, and exclude them 
from the physical spectrum. In particular, we must exclude these unphysical modes from the 
calculation of the effective action with a proper infra-red regularization. Only this exclusion of 
the unphysical modes can give us a consistent theory of QCD. The fact that one could establish 
the dynamical symmetry breaking and the confinement in QCD within the framework of the 
existing quantum field theory should be interpreted as a triumph, indeed a most spectacular 
triumph, of the quantum field theory itself. 

We conclude with the following remarks: 
1) It should be emphasized that our analysis is based on the gauge independent decomposition 
(1) of the non-Abelian gauge potential to the restricted potential Afj_ and the valence gluon 
Xfj^. This is made possible with our Abelian projection |^,||. The restricted potential satisfies 
the full non-Abelian gauge degrees of freedom and forms a non-Abelian connection space of its 
own, in spite of the fact that it describes only the dual dynamics. The valence gluon forms a 
gauge covariant vector field, and has the gauge invariant magnetic moment interaction (10) with 
the restricted potential. And it is this interaction that is responsible for both the asymptotic 
freedom and the confinement. The existence of the gauge independent decomposition of the non- 
Abelian potential and a self-consistent restricted QCD has been known for more than twenty 
years but its physical significance appears to have been appreciated very little so far. 

Now we emphasize that it is this decomposition which allows us to obtain the effective action 
of QCD. In particular, it is this decomposition which shows that the vacuum condensation is 
indeed made of the monopole condensation. Many of the earlier approaches had the critical 
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defect that the decomposition of the non-Abehan gauge potential to the U{1) potential and the 
charged vector field was not gauge independent, which has made these approaches controversial. 

2) One might question (legitimately) the validity of the one loop approximation, since in the 
infra-red limit the non-perturbative effect is supposed to play the essential role in QCD. Our 
attitude on this issue is that QCD can be viewed as the perturbative extension of the topological 
field theory described by the restricted QCD, so that the non-perturbative effect in the low 
energy limit can effectively be represented by the topological structure of the restricted gauge 
theory. This is reasonable, because the large scale structure of the monopole topology naturally 
describes the long range behavior of the theory. In fact one can argue that it is the restricted 
potential that contributes to the Wilson loop integral, which provides a natural confinement 
criterion in QCD ||^. So we believe that our monopole background automatically takes care of 
the essential feature of the non-perturbative effect. Of course, one could go further and try to 
calculate the two loop effective action , which certainly will improve our one loop correction. 
But this improvement is not expected to give any qualitative change, so that the generic features 
of the one loop effective action and the underlying physics will remain the same. 

3) There have been two competing proposals for the correct mechanism of the confinement 
in QCD, the one emphasizing the role of the instantons and the other emphasizing that of 
the monopoles. Our analysis strongly favors the monopoles as the physical source for the 
confinement. It provides a natural dynamical symmetry breaking, and generates the mass 
gap necessary for the confinement in QCD. Notice that the multiple vacua, even though it is 
an important characteristics of the restricted gauge theory, did not play any crucial role in our 
calculation of the effective action. Moreover our result shows that it is the monopole condensate, 
not the 0- vacuum, which describes the physical vacuum of QCD. 

Although we have concentrated to SU{2) QCD in this paper, it must be clear from our 
analysis that the magnetic condensation is a generic feature of the non-Abelian gauge theory. 
A more detailed discussion which supports our conclusions and the generalization of our result 
to SU{3) will be presented in a forthcoming paper 
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